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Abstract 

We show that every two-term tilting complex over an Artin algebra has 
a tilting module over a certain factor algebra as a homology group. Also, 
we determine the endomorphism algebra of such a homology group, which 
is given as a certain factor algebra of the endomorphism algebra of the 
two-term tilting complex. Thus, every derived equivalence between Artin 
algebras given by a two-term tilting complex induces a derived equivalence 
between the corresponding factor algebras. 



1 Introduction 

In the representation theory of Artin algebras, the connection between tilting 
modules and torsion theories has been well studied. Brenner and Butler in- 
troduced the notion of tilting modules and showed that tilting modules induce 
torsion theories for module categories (p]). Conversely, several authors asked 
when torsion theories determine tilting modules. Hoshino gave a construction of 
tilting modules from torsion theories for under certain conditions (0). Smal0 
characterized torsion theories which determine tilting modules using the no- 
tion of covariantly finite subcategories and contravariantly finite subcategories 
([5]). On the other hand, Rickard introduced the notion of tilting complexes 
as a generalization of tilting modules and showed that tilting complexes induce 
equivalences between derived categories of module categories, which are called 
derived equivalences ([7]). Then Hoshino, Kato, and Miyachi pointed out that 
two-term tilting complexes induce torsion theories for module categories and 
studied the connection between two-term tilting complexes and torsion theories 
([6]). In this note, we show that the torsion theories introduced by Hoshino, 
Kato, and Miyachi determine tilting modules. 

Let A be an Artin algebra and T* a two-term tilting complex of A. We 
prove that the 0-th homology group H°(T*) is a tilting module of A/a, where 
a is the annihilator of H°(T*) (Theorem 13. 4|) . Furthermore, we determine the 
endomorphism algebra of H°(T*). Let B be the endomorphism algebra of T'. 
Then the endomorphism algebra of H''(T') is given as B/b, where b is the anni- 
hilator of H''(r*) (Theorem 13. 6|) . Thus, we know that any derived equivalence 
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given by arbitrary two-term tilting complex always induces a derived equiva- 
lence between the corresponding factor algebras. 

Throughout this note, i? is a commutative Artinian local ring and A is an 
Artin i?-algebra, i.e., A is a ring endowed with a ring homomorphism R ^ A 
whose image is contained in the center of A and A is finitely generated as a 
i?-module. We always assume that A is connected, basic, and not simple. We 
denote by mod-A the category of finitely generated right A-modules and by 
Va (resp., Ia) the full subcategory of mod-A consisting of projective (resp., 
injective) modules. We denote by A°p the opposite ring of A and consider left 
A-modules as right A°P-modules. Sometimes, we use the notation Xa (resp., 
aX) to stress that the module X considered is a right (resp., left) A-module. 
Let X e mod-A. We denote by gen{X) (resp., cog(X)) the full subcategory 
of mod-A whose objects are generated (resp., cogenerated) by X. We denote 
by a.dd{X) the full subcategory of mod-A whose objects are direct summands 
of finite direct sums of copies of X and by X'"^ the direct sum of n copies 
of X. We denote by 3C(mod-A), for short %{A), the homotopy category of 
cochain complexes over mod-A and by X^{Va) the full triangulated subcate- 
gory of 3C(mod-A) consisting of bounded complexes over Pa- We denote by 
D (mod-A), for short 2) (A), the derived category of cochain complexes over 
mod-A and by D*^ (mod-A) the full triangulated subcategory of D (mod-A) con- 
sisting of complexes which have bounded homology. We consider modules as 
complexes concentrated in degree zero. 

We set D = Homfl(— , £'(i?/m)), where m is the maximal ideal of R and 
E{R/m) is an injective envelope of R/m, and set v — DA ®a — , which is called 
the Nakayama functor of A. The Nakayama functor ly : mod-A — > mod-A 
induces an equivalence Va Ia- We denote by = Homyi(Z)A, — ) the 

quasi-inverse of u. Let X e mod-A, and let ^ X ^ he a minimal 

projective presentation. We set tX = Ker i^(/), which is called the Auslander- 
Reiten translation. Then r induces an equivalence between the projectively 
stable category of mod-A and the injectivitely stable category of mod-A. We 
denote by the quasi- inverse of t. 

We refer to [3] for the definition and basic properties of tilting modules, to 
[1] and [9] for basic results in the theory of derived categories, and to [7] for 
definitions and basic properties of tilting complexes and derived equivalences. 

The author would like to thank M. Hoshino for his helpful advice. 

2 Preliminaries 

In this section, we recall some results on stable torsion theories given by Hoshino, 
Kato, and Miyachi (W). We need the relationship between stable torsion theo- 
ries and two-term tilting complexes of Artin algebras. 

Definition 2.1 ([2 ). A pair (T, J^) of full subcategories T, T in mod-A is said 
to be a torsion theory for mod-A if the following conditions are satisfied: 

(1) rn^={0}; 
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(2) T is closed under factor modules; 

(3) T is closed under submodules; and 

(4) for any X ^ A., there exists an exact sequence X' — ^ X — ^ X" — ^ 
with X' e r and X" e T. 

In particular, T (resp., J^) is said to be a torsion (resp., torsion- free) class. 
Furthermore, if T is stable under the Nakayama functor v, then (T, J^) is said 
to be a stable torsion theory for mod-A. 

Remark 2.2. Let {T,J-) be a torsion theory for mod-^. 

(1) T and T are closed under extensions. 

(2) (T, J^) is a stable torsion theory if and only if T is stable under i/^^. 
Let T* G 3&(Pa) be a two-term complex: 

T' : >0^T-^ ^T" ■■■ . 

We set the following subcategories in mod-^: 

r(T') =KerHom3c(A)(T'[-l],-), -F(r*) - Ker Hom3c(A) (T*, -). 
Proposition 2.3 ([6, Proposition 5.5]). The following are equivalent. 

(1) T' is a tilting complex. 

(2) (T(r*), J-"(T*)) is a stable torsion theory for mod- A. 

Definition 2.4. Let C be a full subcategory of mod-A closed under exten- 
sions. Then M G C is said to be Ext-projective (resp., Ext-injective) in C if 
Ext^ (M,C) = (resp., Ext^(C,M) ^ 0). 

Remark 2.5. Let {T,J-) be a torsion theory for mod-A. 

(1) For M (z T which is indecomposable, M is Ext-projective in T if and only 
if tM G T. 

(2) For N E J- which is indecomposable, A'' is Ext-injective in !F if and only 
if T"iiV e F. 

Proposition 2.6 (^, Proposition 5.7]). Assume that T* is a tilting complex. 
Then the following hold. 

(1) T{T') ^ gen(HO(T')) and HO(T') is Ext-projective in T{T'). 

(2) T{T') = cog(H-i(j/T')) and H-i(j/T') is Ext-injective in T{T'). 

Theorem 2.7 ([H Theorem 5.8]). Let {T,J-) be a stable torsion theory for 
mod-A. Assume that there exist X Cz T and Y Cz J- satisfying the following 
conditions: 
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(1) T = gen(X) and X is Ext-projective in T; and 

(2) T = cog(F) and Y is Ext-injective in T . 

Let Px be a minimal projective presentation of X and ly be a minimal injective 
presentation of Y , and set T^ y = Px ® i^^^^yfl]- Then T^ y ^ 3C''(^a) is a 
tilting complex such that T — TiT^ y) and J- — J-iT^ y)- 

3 Tilting modules arising from two-term tilting 
complexes 

For X G mod-A, we use the notation gen(X^) (resp., cog{X a) , a.dd{X a)) to 
stress that it is considered as a subcategory of mod-vl. We denote by ann^(X) 
the annihilator of X. 

Lemma 3.1. Assume that X G mod-A is Ext-projective in gen(X^), and set 
a = ann^(X). Then the following hold. 

(1) proj dim XA/a < 1- 

(2) E^t\/,{X,X) = 0. 

(3) There exists an exact sequence — t- A/a — > X° — > X^ in mod-A/o 
such that X° G add(X^/„) and X^ G gen(X^/„) which is Ext-projective 

in gcn{XA/a)- 

Proof. Note first that the canonical full embedding mod- A/a ^ mod-A induces 
gen{XA/a) = gen{XA). 

(1) Since Xa/o is Ext-projective in gen{XA/a) by assumption, the pair 
(gen(X^/o), Ker Hom^/o(X, — )) is a torsion theory for mod-A/a. Since DX 
is faithful as a left A/a-module, we have D{A/a) G gen(X^/„). Let Z be an 
indecomposable direct summand of Xa/o- We may assume that Z is not pro- 
jective in mod-A/a. Since Z is Ext-projective in gen(X^/o), we have tZa/o G 
Ker Hom^/o(X, — ). Let — >■ tZ — > 7° — >^ 7^ be a minimal injective presentation 
in mod-A/a. Then we have an exact sequence 

v~^{tZ) v-^I° v-^I^ -^Z^O. 

Since u''^ 1° , i/-'^ G Pa/o and z^"^(tZ) = HomA/a(-D(A/a),TZ) = 0, the 
above exact sequence gives a minimal projective resolution of Za/u- Thus, we 
have proj dim XA/a ^ 1- 

(2) It follows by the assumption that Xa/o is Ext-projective in gen{XA/a)- 
The assertion follows. 

(3) Since X is faithful as a right A/a- module, there exist generators 

/i, • ■ • , /d e HomA/„(A/a, X) 
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as a left Endyii/i3(X)-modulc such that 

fi 



/ = 



fd 



Ma) 



fd{a) 



is monic. We show that Cok / is Ext-projective in gen(Xyi/„). Let N G 
gen(X^/„). Then there exists an epimorphism e : X*^"^ — > N, and we have 
a commutative diagram 



Horn 



\ Hom^/„(XW,Af) 



Hom^/„(/,X) 

Hom^/„(A/a,X(")) 



Hoin^/n(A/a,e) 



Hom^/„(/,Ar) 

> HomA/„(A/a,A^). 



Since Hom^/o(yl/o, e) is epic and Hom^/o(/, X) is also epic by the construction, 
we have Hom^/o(/, TV) is epic and hence Ext^^jj(Cok f^N) = 0. Thus, Cok / 
is Ext-projective in gen(X^/(j). □ 

Lemma 3.2. Assume that Y G mod-A is Ext-injective in cog(YA), and set 
a' = ann^(y). Then the following hold. 

(1) inj dim YA/a' < 1- 

(2) Ext^/„,(y,y)=0. 

(3) There exists an exact sequence — >■ Y^ — > Y'^ — > A/ a' in mod-A/o' 
such that Y'^ G add(y4/|j') and Y^ G cog(y4/(,/) which is Ext-injective in 

COg(YA/a')- 

Proof. There exists an equivalence _D(cog(y)) = gen(_DF) as subcategories in 
mod-A°P, and hence DY G mod-A°P is Ext-projective in gen{DY). The asser- 
tion follows by Lemma 13.11 □ 



Throughout the rest of this section, let T* G 3&{Va) be a two-term tilting 
complex: 



T' 



O^T 



-1 



T° ^ 



Lemma 3.3. For any M, N G mod-A, the following hold. 

(1) M G add(H"(r*)) if and only if M is Ext-projective in gen(HO(T')). 

(2) N G add(H-i(z^r*)) if and only if N is Ext-injective in cog(H-i(i/r*)). 



Proof. (1) We know from Proposition 12.61 that H°(r*) is Ext-projective in 
gen(H'^(r*)). Let X be the direct sum of all indecomposable non-projective 
Ext-projective modules in gen(H°(T*)) which are not contained in add(H°(r*)). 
Then add(H''(T*) ©X) coincides with the class of all Ext-projective modules in 
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gen(HO(T*)). On the other hand, since we have gen(H°(T')) = gen(H°(T*) © 
X), it follows by Propositions 12.31 and 12.61 that the pair 

(gen(HO(r') ® X), cogiR- \i^T')) 

is a stable torsion theory in mod- A. Let P' be the minimal projective presenta- 
tion of H°(r*) © X and /* be the minimal injective presentation of H~^(z/T*), 
and set U' ^ P' ® Then U' is a tihing complex by Theorem [Q 

Claim 1. add(HO(T')) C add(HO(T') © X) C add(HO(C/')). 

Proo/. The first inclusion is obvious. Since H0(C/*) HO(P') ©H1(i^-1/*) = 
HO(r*) © X © Hi(iy~i/'), the second inclusion follows. □ 

Claim 2. add(T') = add(C/'). 

Proo/. Set W ^T'®U'. Then we have gen(HO(P^*)) = gen(H"(t/*)) because 
gen(H"(r*)) C gen(H0({7')). Similarly, since cog(H-i(z/T')) C cog(H-i (i^C/*)), 
we have cog(H~^(j/M^*)) = cog(H~^(z^J7')). It then follows by Proposition 12.31 
that the pair 

(gen(H°(M^*)),cog(H-i(i/Ty))) 

is a stable torsion theory for mod-A, and hence W* G 3&{Va) is a tilting 
complex. We set A = Endxi(A)(W^')- We denote by e G A the idempotent 
corresponding to T* and by / e A the idempotent corresponding to U', i.e., 
eAe = EndD(A)(P*) and /A/ = EndD(^)(C/*). Since Aa = eAffi/A, the derived 
equivalence 

F : 2)''(mod-A) ^ (mod-A) , Aa VF* 

induces 

D^(mod-A) ^ X)^(mod-eAe), eA h-^ eAe. 

Thus, eA € Va is a projective generator in mod-A, i.e., A S add(eA). Applying 
the quasi-inverse of F, we have W £ add(r*) by the additivity of F. Similarly, 
A G add(/A) and hence W G add(C/*). It follows that add(T') = add(Ty) = 
add(C/*). □ 

By the above claims, we have add(HO(r*)) = add(H°(r*) © X). The asser- 
tion follows. 

(2) Note first that Hom^(T*, A) e X^iVA^p) is a two-term tihing complex, 
where IIom*(— , — ) denotes the single complex associated with the double hom 
complex. We know from (1) that M e add(Hi(Hom^(r*, A))) if and only if M 
is Ext-projective in gen(Hi(Hom^(T', A))). Since D{gen{}i^}iom\(T* , A))) ^ 
cog(H-i(i/T*)), it follows that M is Ext-projective in gen(Hi (Hom^(r*, A))) 
if and only if DM is Ext-injective in cog(H~^(z^T*)). Also, since there exists 
an equivalence I?(add(Hi(Hom^(T*, A))) ^ add(H-i(;^T')), the assertion fol- 
lows. □ 

The next theorem is a direct consequence of the previous three lemmas. We 
set a annA(HO(r')) and a' = annA(H-i(i/T*)). 
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Theorem 3.4. The following hold. 

(1) H''(r*) is a tilting module m mod-A/a. 

(2) H^^(i^r*) is a cotilting module in mod-A/a', i.e., _D(H^^(i^T*)) is a tilting 
module in niod-(A/a')°^. 

Remark 3.5. From [8 and the above theorem, we know that T{T*) (resp., 
J-{T')) is covariantly (resp., contravariantly) finite subcategory of mod-A. 

As the final result, we determine the endomorphism algebras of H"(r*) and 
ll^^{i'T'). It is easy to see that the homomorphism 

H"(-) : End3,(^)(T') ^ End^/„(H"(T')), H°((^) 

is a surjective algebra homomorphism. Thus, we need only to calculate the 
kernel of the above algebra homomorphism. In order to do this, we deal with 
Eomjc{A){A,T*) instead of Il"(r'). This is justified by the fact that there 
exists an isomorphism 11° (T*) ^ IIom3<;(yi)(^, T*) as right A-modules. Similarly, 
we may deal with IIom3<;(A) ^^7" [-1]) instead of II~i(i^r'). We set B = 
Findyc{A}{T*) and set 

b = annB(Hom3c(A)(AT')), b' = annB(Hom3c(A)(^, ^^^'hl])). 

Theorem 3.6. We have the following algebra isomorphisms. 

(1) EndA/„(Hom3c(A)(A,r*)) - B/h. 

(2) EndA/„'(Hom3,(^)(A,i.r'[-l])) = B/W. 

Proof. (1) Since there exists a surjective algebra homomorphism 

e-.B^ End^/,(Hom3c(^)(AT')), 
which is induced by the functor H'^(— ), we have an algebra isomorphism 

End^/„(Hom3c(A)(^,r')) = B/Ker 9. 
We will show that Ker 9 — b. Let ip ^ B: 





> 


> - 




— > 


> 




1 




1'" 


1 




T*: ••• 


> 


> - 


> T" 


— > 


> 



a. 



Then we have a commutative diagram with exact rows 





TO 


— > Cok a — 


> 


-■1 


1'" 








> TO 


> Cok a — 


> 0. 



a e 
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We assume first that 9{(p) =/= 0. Then there exists t GT^ such that {9{ip)oe){t) ^ 
0. We define i) : A ^ ,\a^ t. Then o ^ Ker £ = Im a. Since 

(ao/i)(l^) G Im a for all h e Hom^(A,T~^). Therefore, (^oi/) is not homotopic 
to zero and hence ^ b. Thus, we have b C Ker Q. Conversely, we assume that 
Q{}p) = 0. Since factors through Im a, there exists h G HomA(T'°, T"^) such 
that = a o /i by the projectivity of T°. Thus, for any e Hom3c(^)(A, T*), 
we have (^"0(7 = 00/70 a. Therefore, <p o u is homotopic to zero and hence 
G b. This shows that Ker C b. 
(2) Since v : X^CPa) ^ 0&{Ia), we have B ^ Endy:{A){i^T*) as algebras. 
It is easy to see that there exists a surjective algebra homomorphism 

e':B^ End^/„,(Hom3c(A)(^,'^T*[-l])), 

which is induced by the functor II~^(— ). We will show that Ker 6' = b'. Let 
</.GEnd3c(A)(!^T*): 



-> 







1 -1 











where 13 = z/(a). Then we have a commutative diagram with exact rows 



Ker 
Ker 



We assume first that 0'{(p) ^ 0. Then there exists x G Ker /3 such that o 
= (t o B'{(t>))(x) ^ 0. We set t = i(x) e vT-^ and define -q : A ^ 
uT~^, 1a t. Then, since 77 satisfies (3 o rj = Q and o 77 ^ 0, we have 
T] G IIom3(;(^)(A, :^r*[— 1]) and -q is not homotopic to zero. Thus, b' C Ker 6'. 
Conversely, we assume that ^'(0) = 0. For any p £ Homg<;(^')(A, :/T*[— 1]), we 
have <j)~^ o p = because p factors through Ker /3. Thus, we have <j) € b' and 
hence Ker ^' c b'. □ 
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4 Example 



In this section, we demonstrate our results through an example. Let A be the 
path algebra defined by the quiver 

2 




1 4 




with relations a'y = (36 = 0. We denote by et the empty path corresponding 
to the vertex i = 1, • • • ,4. The Auslander-Reiten quiver of A is given by the 
following: 




where each indecomposable module is represented by its composition factors and 

r-orbits are denoted by • • . It is not difficult to see that the following 

pair gives a stable torsion theory for mod-A: 

T = { 2^3 I 2 ' 3 ' ^ } 4, 4, ^4'^, 3, 2}, 

where T is a torsion class and is a torsion- free class. We set 

^ = 2^3 : ^ — ^4"^ 3 2. 

Then T = gcn(X) and X is Ext-projective in T, and T — cog(F) and Y is Ext- 
injective in J-. According to Theorem 12.71 we have a two-term tilting complex 
T* = © © Tg* © T^, where 

^1' = ~^ 2^3 ' '^2 — I ~^ 2^3 ' ^3' — 4 ^ 2^3 ' T' — 4 ^ 0. 
Thus, we have 

H°(r-) = 2^3 ® J © ^ 

as a right ^-module. Since a = annyii(H'^(T')) is a two-sided ideal generated by 
64, 7, 5, the factor algebra A/ a is defined by the quiver 
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1 
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without relations. Next, it is not difficult to see that B = 'Endjc(A){T*) is 
defined by the quiver 

2 




without relations. Then we have 

Honi3c(A)(^,r') 




; 9 



1 

2 3 



as a left i?-niodule. Thus, b — annB(Honi3(;(^) (A, T*)) is a two-sided ideal 
generated by v, ^ and the empty path corresponding to the vertex 4. Therefore, 
the factor algebra B/b is defined by the quiver 





without relations. It follows by Theorems 
derived equivalent to each other. 



and 13.61 that A/a and B/b are 
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